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Abstract 



We consider the Schrodinger operator on the real Une with a N x N matrix valued 
periodic potential, > 1. The spectrum of this operator is absolutely continuous and 
consists of intervals separated by gaps. We define the Lyapunov function, which is 
analytic on an associated N-sheeted Riemann surface. On each sheet the Lyapunov 
function has the standard properties of the Lyapunov function for the scalar case. The 
Lyapunov function has (real or complex) branch points, which we call resonances. We 
determine the asymptotics of the periodic, anti-periodic spectrum and of the resonances 
at high energy (in terms of the Fourier coefficients of the potential). We show that 
there exist two types of gaps: i) stable gaps, i.e., the endpoints are periodic and anti- 
periodic eigenvalues, ii) unstable (resonance) gaps, i.e., the endpoints are resonances 
(real branch points). Moreover, the following results are obtained: 1) we define the 
quasimomentum as an analytic function on the Riemann surface of the Lyapunov 
function; various properties and estimates of the quasimomentum are obtained, 2) we 
construct the conformal mapping with real part given by the integrated density of states 
and imaginary part given by the Lyapunov exponent. We obtain various properties of 
this conformal mapping, which are similar to the case N=l, 3) we determine various 
new trace formulae for potentials, the integrated density of states and the Lyapunov 
exponent, 4) a priori estimates of gap lengths in terms of potentials are obtained. 



1 Introduction and main results 

We consider the self-adjoint operator = —y" + V(t)y, acting in L'^(R)^,N ^ 2 where 
the symmetric 1-periodic N x N matrix potential V belongs to the real Hilbert space Jif 
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It is well known (see [DS]) that the spectrum o"(=Sf ) of =Sf is absolutely continuous and consists 
of non-degenerated intervals [A^_^, A^], n = 1, .., Nq ^ oo. These intervals are separated by 
the gaps 7„ = (A^, A+) with the length > 0. Without loss of generality we Eissume 



A great number of papers is devoted to the inverse spectral theory for the Hill operator. 
We mention all papers where the inverse problem including characterization was solved: 
Marchenko and Ostrovski [MOl], Garnett and Trubowitz [GTl-2],Kappeler [Kap], Kargaev 
and Korotyaev [KKl], and Korotyaev [Kl-3] and for 2 x 2 Dirac operator Misura [Mil-2] and 
Korotyaev [K4-5]. Recently, the author [K6] extended the results of [MOl], [GTl], [Kl-2] 
for the case —y" + uy to the case of distributions, i.e. —y" + u'y on L^(R), where periodic 
u G L^Q^(M). It is important that in these papers new results from analytic function theory 
(in particular, conformal mapping theory) were obtained. As an example, we mention the 
proofs by the direct method (see [GT2], [KKl], [Kl-3]). These are short, but this approach 
needs a priori estimates of potential in terms of spectral data. A priori estimates for various 
parameters of the Hill operator and for the Dirac operator (the norm of a periodic potential, 
effective masses, gap lengths, height of slits, and so on) were obtained in [GTl], [MOl-2], 
[KKl], [KK2], [K2-11]. In order to get the required estimates the authors of [GTl], [MOl-2], 
[Mil-2], [K2-11]... used the ''global quasi-momentunr' (the conformal mapping), which was 
introduced into the spectral theory of the Hill operator by Marchenko-Ostrovski [MOl]. 

There exist many papers about the periodic systems N ^ 2 (see [Cal-3], [YS]). The basic 
results for direct spectral theory for the matrix case were obtained by Lyapunov [Ly] (see 
also interesting papers of Krein [Kr], Gcl'fand and Lidskii [GL]). In [BBK] for the case N = 2 
the following results are obtained: the Lyapunov function is constructed on the 2-sheeted 
Riemann surface and the existence of real and complex branch points is proved. In [BK] 
the operator y"" + qy, where q is a. periodic real potential, was studied. In this case the 
Lyapunov function is constructed on a 2-sheeted Riemann surface and the existence of real 
and complex branch points is proved. The asymptotics of gaps and resonances in terms of 
the Fourier coefficients are obtained. 

The main goal of our paper is to reformulate some spectral problem for the differential 
operator with periodic matrix coefficients as problems of conformal mapping theory. We 
construct the conformal mapping (averaged quasimomentum) w, with real part given by 
the integrated density of states and imaginary part given by the Lyapunov exponent. We 
obtain various properties of this conformal mapping, which are similar to the case N = 1. 
For solving these "new" problems we use some techniques from [KK2], [K2], [K6-8]. In 
particular, we use the Poisson integral for the domain C+ U (— 1, 1) U C_ and the Dirichlet 
integral for the function w{z) — z. Note that the Dirichlet integral was used in [K6-8] for the 
scalar case to obtain a priori two-sided estimates of the potential in terms of spectral data. 

Introduce the fundamental N x iV-matrix solutions (p{t, z), ■i?(t, z) of the equation 




and 




f" + V{t)f^z'f, zee, 



(1.2) 
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with the conditions (p{0,z) = 'd'{0,z) = 0, ip'{0,z) = ■&{0,z) = 1^, where In,N ^ 1 is the 
identity N x N matrix. Here and below we use the notation (') = d/dt. We define the 
monodromy 2N x 2iV-matrix M and the trace T^, m ^ 1 by 

The functions M{z) and T^,, m ^ 1 are entire, real for 2;^ G M and det M = 1. Let r^, m = 
1, ..,2N be the eigenvalues of M. An eigenvalue of M{z) is called a multiplier. It is a root 
of the algebraic equation D{r, z) = det(M(z) — tI2n) = 0, r, 2; G C. The zeros of -D(l, a/A) 
( and -D(— 1, a/A) (counted with multiplicity) are the periodic (anti-periodic) eigenvalues for 
the equation —y" + Vy = Xy with periodic (anti-periodic) boundary conditions. 

Below we need the following well-known results of Lyapunov (see [YS]). 

Theorem (Lyapunov ) Let V G J^. Then the following identities are fulfilled: 

M~^^-jM^j^( -xH)^ j-( ' (1.4) 



^'(1,-)' ^9(1,-)' ; ' \-in 

D{T,.) = T'''Dir-\.), r^O. (1.5) 

If for some z & C (or z"^ ^'^j t{z) is a multiplier of multiplicity d ^ 1 , thenT~^{z) (orT{z)) 
is a multiplier of multiplicity d. Moreover, each M{z),z G C, has exactly 2N multipliers 
T^^{z),m = 1,..,N. Furthermore, z"^ G cr(V^) iff \Tm{,z)\ = 1 for some m = 1,..,N. If t{z) 
is a simple multiplier and \t{z)\ = 1, then t'{z) 7^ 0. 

It is well known that D{t, z) = Xlo^ ^m(-2)T^^~™, where the functions are given by 

2N 2N 

^0 = 1, ei = -2iVTi, ^2 = - — (Ts + Ti^i), = Vt^-^-,.. (1.6) 

2 m ^ 

see [RS]. Using the identity ()1.5|) we obtain 

B{t, ■) = (r^^ + 1) + 6(r^^-' + r) + ... + e7v-i(r^+^ + r^"^) + ^^vr^- (1-7) 

The eigenvalues of Mi^z^ are the zeros of Eq. D{t,z) = 0. This is an algebraic equation 
in T of degree 2N. The coefficients ^m{z) are entire in z G C. It is well known (see e.g. 
[Fo],[Sp]) that the roots Tm{z),m = 1,..,2N constitute one or several branches of one or 
several analytic functions that have only algebraic singularities in C. Thus the number of 
eigenvalues of M{z) is a constant with the exception of some special values of z (see 
below the definition of a resonance). In general, there is a infinite number of such points on 
the plane. If the functions Tm{z),m = 1,..,N are all distinct, then Ng = 2N. If some of 
them are identical, then we get N^. < 2N and M{z) is permanently degenerate. 

The Riemann surface for the multipliers Tm{z),m = 1, ..,N has 2N sheets, since degree 
of D{t, ■) is 2N see (jl.7|) . If = 1, then it has 2 sheets, but the Lyapunov function is entire. 
Similarly, in the case ^ 2 it is more convenient for us to construct the Riemann surface 
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for the Lyapunov function, which has N sheets (see Eq. p.9|) ). In order to formulate our 
first result we transform D{t,z) to the polynomial $(z/, 2;) by 

= z) = .^ + UzV-' + ■■■ + Mz), y = (1.8) 

where (j)i,..(f)N are some linear combinations of C,o,..^n, see ()2.12|) - ()2.15|) . In particular, all 
coefficients (f)i{z), ..(p^iz) are entire functions. Each zero of $(z/, 2;) is a Lyapunov function 

^m{z) = ^iT„,{z) + T^\z)), m = 1, .., N. 

Remark. We note that this reduction from the polynomial D with degD = 2N to the 
polynomial $ with deg$ = is crucial for our analysis. It is based on ()1.5p . which is a 
consequence of M being a symplectic matrix and on the identity ()2.11|) for the Chebyshev 
polynomials. 

We need the following preliminary results 

Theorem 1.1. Let V G Jif . Then there exist analytic functions As,s = 1,..,Nq ^ on 
the Ng-sheeted Riemann surface ^^s-, Ng ^ 1 having the following properties: 
i) There exist disjoint subsets Ug C {l,..,A^},s = 1, .., A^o, IJ = {l)--;^} such that all 
branches of Ag, s = 1, 2, .., A'o have the form Aj(z) = ^{rj(z) + Tj'^(z)), j E cug. Moreover, 
for any z,t E C the following identities are fulfilled: 



No 



-1 



:^^ = n*.(^,^)> <^g{u,z)=ll{u-A,{z)), ^=^^, r^O, (1.9) 

where the functions ^glujz) are entire with respect to u, z E C and ^^(z/, z) E M for all 
iy,z eM.. Moreover, if Ai = Aj for some i E oJk-,j ^ ^s, then $fc = O'nd A^ = Ag. 
ii) (The monotonicity property). Let some branch Am,m = 1, .., A^ be real analytic on some 
interval Y = {a, jS) G M. and —1 < Am{z) < 1 for any z E Y. Then A'^{z) 7^ for each 
zEY . 

Hi) Each function pg, s = 1, .., Nq given by (jl.lOj) is entire and real on the real line. 

No 

1 i<j,i,j£ijJs 

iv) Each gap 7„ = (A~,A+),n ^ 1 zs a bounded interval and are either periodic (anti- 
periodic) eigenvalues or real branch points of A^ (for some m = 1, .., N) which are zeros of 
p (below we call such points resonances). 

Remark. 1) If A^q = ^) then J^rn = C and each function A^, m = 1, A^ is entire. 
2) We have the following asymptotics (see Sect. 3) 

sin z /pi ^1 \ 

AUz)=cosz + ^V^ + 0{^^y m = l,..,N, |^| ^ 00. (1.11) 



Then firstly, p is not a polynomial since p is bounded on M. Secondly, if 7^ ^ji"^ 7^ h 
then (irTT|l implies Aj 7^ A^. 

3) Let the surface ^ = uf'^, be a union of the disjoint Riemann surfaces and let 
A = {As, s = 1, ., Nq} be the corresponding analytic function on Let (p : C he the 

projection from the surface ^ into the complex plane. We set ( ^ M and z G C. 

Definition. The number zq is a resonance of if zo is a zero of p given by ()1.1U|) . 

Define the real matrices = {Vf,^}, V^"" = {Vf"^} by 

1>W = {v;(^")} = V^^ + = f \/(t)e*2-"*dt. (L12) 

Denote by A^^,n ^ 0,m G {1,2,..,A^} the eigenvalues of the periodic and anti-periodic 
problem for the equation — /" + Vf = z'^f. The periodic eigenvalues (n is even) satisfy 

^ A?'+ ^ A°+ ^ ... ^ ^ A^'" < A?'+ ^ ... ^ A^" ^ A^+ ^ A^'" ^ At'+ ^ . . . (L13) 



— V ■ ■ V 

n=0 n=2 



Recall Xq = 0. The anti-periodic eigenvalues (n is odd) satisfy 

^ A}'" ^ A}'+ ^ ... ^ X]f ^ A]^+ ^ Xl'- ^ A?'+ ^ ... ^ A]^+ ^ A^'- ^ . . . (L14) 



n=l n=3 



UV = 0, then A;:^^ = (t™)^, m = 1,..,N. Let z^^ = ^/kF > and ^-"'^ = -zl^'^,n ^ 
0, m G {1, 2, .., A^}. The zeros of D{1, z) and 1, z) (counted with multiplicity) have the 
forms z"^'^ and z^~^^'^ n G Z. Let 1^41 denote the operator norm of the matrix A. 

Theorem 1.2. Let V G Jf. Then the periodic and anti-periodic eigenvalues have the 
following asymptotics: 

X^^^ = (7rn)2 + C± + O(n-i), m = 1, .., iV, n ^ 00, (L15) 



sn 



where Cm ? m = 1, 2, .., are the eigenvalues of the matrix I 

Assume that Vj^ 7^ V^? /or a// j 7^ j' G cu^ /or some s = 1, .., iVo. T/ien t/ie function ps has 
the zeros z^ , a = < G Us, "n. G Z \ {0}, which are real at large n and satisfy 



nn + —^ ^ + ^ - + ^), a = (j,/) as n ^ 00. (L16) 



Let in addition Vi < .. < V^. Then for each s = 1, .., A^o o,i^d for large n ^ 00 there exists 
a system of real intervals (gaps) 7" = (A^~, A^"*"), (7^ = {z^~,z^'^), such that 



{-irA^{z)>l,zegl^, and A,,{z) = A^{z), z e g^^,, if / (1-17) 
i) The branch Aj is real and is analytic on the set (vm — |, vrn + |) \ Up^jg'j,^ and is not real 



on Up^jc/[;.p). 



a) If z^ 7^ z^"*" for some a = ^ f , then z^ is a simple branch point, i.e., of square 

root type (resonance) for the functions Aj, Aj/. If z^~ = z^ , then Aj, Aj/ are analytic at 

^« ■ 

Hi) The following asymptotics are fulfilled: 

= {^nf + Yt^ ± |v;W| + o(|l>(")| + i), a = (j,/). (1.18) 

Remark. 1) If iV = 1, then the asymptotics ()1.18p are well known [Ti]. 2) We describe 
the surface M in the case < .. < and Nq = 1 for large z. To "build" the surface 
for large z, we take N replicas of the z-plane and call them sheets T^i, ..,TZn. Each TZj is 
cut along the real interval (7^,0 = = 1, ■■,N,j 7^ j'. The cut on each sheet two 

edges; we label each edge with jj or b. Then attach the jj edge of the cut g'^ on IZj to the b 
edge of the same cut on 7lj',j 7^ j', and attach the b edge of the cut on IZj to the jj edge of 
the same cut on IZj>. Thus, whenever we cross the cut, we pass from one sheet to the other. 
3) U Vi < .. < V^, then all resonances are real at high energy. The existence of low energy 
complex resonances for specific potentials was established in [BKK]. 

Recall that Nq is the total number of gaps in the spectrum of =Sf . 

Corollary 1.3. Let V E and 1^° < ... < V^. 

(i) If the identity + = V^ + Vy-^ = ... = V^ + is not fulfilled, then Ng < 00. 
(a) If Vi + = ... = + Vi holds true and there exists a sequence of indeces Uk ^ 00 
such that ll/^^^^p + ra^^ = o{\V^^^^-^_J\) , k ^ 00, for each m = 1, ..,N, then Nq = 00. 

Remark. 1) Maksudov and Veliev [MV] proved i), for ^ 3 in a more general case. 

2) UV = diagjVii, V22, ••, Vnn} and < V2, then the number of gaps is Nq < +00. 

3) Note that the condition |\>('^)|2 + n-^ = o{\V^}^^-^_J), m = l,..,iV, n — > 00, holds true 
for "generic" potentials from the space J^". This yields the existence of real resonance gaps 
(A^~, A^+) at high energy. The coefficients Vm,N+i-m, m = 1, .., iV (the "second diagonal" of 
the matrix V) "create" the gaps. 

We consider the conformal mapping associated with the operator We need 
functions from the subharmonic counterpart of the Cartwright class of the entire functions 
given by 

r ^ ^ f is subharmonic in C and harmonic outside M, | _^ 

We recall the class of functions from [KKl] given by 

SK,-^ = iv eSC -v^Q, lim = 1, /(I + t^"')v{t)dt < ooj, m ^ 0. 

L y^oo y ) 
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Model of 3-sheeted Hi#mann surface linear points m and nfn+I); 




E :e g 



Yn-lP3> 



Yn.l(l^i Ynt1<^2) Y„,,{13) Y„,i{22} ^„,,{23] ^„,,{33) 



Image of averagtd tttasi-momentum, v-plane; 




Figure 1: N 



3, < V,' < VI i {V,' + ^3°) 
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We note that 5/C++i C SJC+, m > 0. 

Introduce the simple conformal mapping rj : C \ [—1, 1] — >• {C G C : |C| > 1} by 

rj{z) ^ z + Vz^ -1, zeC\[-l,l], and r]{z) ^ 2z + o{l), \ z\ — > oo. (1-20) 

Note that r){z) = rj{z), 2; e C \ [— 1, 1] since rj{z) > 1 for any z > 1. Due to the properties 
of the Lyapunov functions we have|r/(As(C))| > 1, ^ e = {( E Ms '■ ^t^C > 0}- Thus we 
can introduce the quasimomentum (we fix some branch of arccos and Am{z)) and the 
function by 

k„i{z) = arccos Am(z) = i log 77 (A^ (2;)), q„i{z) = lmkm{z) = log |?7(A„(z))|, (1.21) 

171 = 1,2, ..,N and z G Mq = C+ \ I3j^,I3j^ = U/3ei3Anc+ 1/^' + ^°^) where Ba is the set of 
all branch points of the function A. The branch points of km belong to B^. Define the 
averaged qu£isimomentum w, the density u and the Lyapunov exponent v by 

1 ^ 

w{z) =u{z) + iv{z) = —'^km{z), v{z) =Imw{z), zeM^. (1-22) 

1 

Define the sets (T(7v) = {2; G M : Ai(z), .., An{z) G [—1, 1]} and 

(7(i) = {^ G R: A„(^) G (-1,1), Ap{z)^[-l,l] somem,p=l,..,N}. 
For the function w{z) = u{z) + iv{z), z = x + iy E C+ we formally introduce the integrals 

Qn = - [ x''v{x)dx, Vn^ - [ x''v{x)du{x), 7^ = -// \w'^{z)\'^dxdy , (1.23) 
n ^ 0, where here and below Wm{z), z G C+ is given by 

Wm{z) = - / ^^^P^dt = f«;(z) - -2 + y QuZ-""-') , ^ G C+. 

T^Ut-Z \ ^ y 

Let C„s denote the class of all real upper semi-continuous functions /i : R — > R. With any 
h G Cus we associate the "upper" domain W{h) = {w = u -\- iv & C : v > h{u),u G M}. Let 
g = VJnaign where c/n = {z~,z^),z^ = > and g^n ^ 9n,n ^ 1. We formulate our 

main result. 

Theorem 1.4. Let V G Then the averaged quasimomentum w = jj k^ is analytic 
in C+ and w : C+ t(7(C_|_) = W{h) is a conformal mapping onto W{h) for some h G C^s- 
Moreover, v = Imw has an harmonic extension from C_)_ into Q = U C_ U g given by 
v{z) = v{z),z G C_ and v{z) > for any z & ft. Furthermore v G <S/Cj fl C(C) and there 
exist branches kmifn = 1, ..N such that the following asymptotics, identities and estimates 
are fulfilled: 

w{z) = -w{-z), z G C+, (1.24) 
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w[z) — z = , as y > r\x\, y ^ oo, tor any r > U, 



Jo 



^ TTV{t)dt 



2N 



Q2 = i? + V, 



^ TiV^{t)dt 

¥n ' 



\'y(N) 



:i.25) 
;i.26) 

;i.27) 
:i.28) 



Remark. 1) Craig and Simon [CS] proved that the Lyapunov exponent is subharmonic 
in C for the Schrodinger operator — ^ + V for a large class of scalar potentials. 
2) Similar arguments give 



Q4 = I2 + ^4 



^ Tr(r(t)^ + 2\/3(^))^^ 
2^N 



if V'e^. 



;i.29) 



3) The integral Pq ^ is the area between the boundary of W{h) and the real line. The 
mapping w : C+ — > W{h) is illustrated in Figure El In Figure 1 the upper picture is a domain 
W{h) and A = w{A), B = w{B), ... . The spectral interval {A, B) (with multiplicity 2) of the 
z-domain is mapped on the curve (A, B) of the w-domain, the interval (a gap) (5, C) of the 
z-domain is mapped on a vertical slit, which lies on the line Rew = vr. The spectral interval 
(C, D) (with multiplicity 2) of the z-domain is mapped on the curve (C, D) of the w-domain. 
The spectral interval (D, E) (with multiplicity 4) of the z-domain is mapped on the interval 
(D, C) of the w-domain. The case of the interval (i?, J) is similar. The resonance gap (i^, L) 
of the z-domain is mapped on the vertical slit on the line Rew = Svr. In fact the boundary 
of W{h) is given by the graph of the function h{u),u G M. 

u?-planc 




2-plane 



A 



E 



H 



K 



Figure 2: N = 2. The domain W{h) = w{C^) and gaps in the spectrum. 
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Let a{m, V) denote the spectrum of Jif of multiplicity 2m, m ^ 0. We have the following 
simple corollary from Theorem 11.41 

Corollary 1.5. Let a{^) = a{N, V) = M+ for some V eJ^. Then V = 0. 

Proof. Due to a(^N) = K+, we obtain Qo = Q2 = 0- Then identity p.26|) yields ||y|| = 0. ■ 
Recall that in the scalar case, the so-called Borg Theorem follows immediately from the 
existence of the conformal mapping and the asymptotics of the Lyapunov function at high 
energy [M]. In general, in order to prove the uniqueness result (the simplest part in the 
inverse spectral theory) it is necessary to use some results from "function theory". In our 
case we use conformal mapping theory. Recall that the so-called Borg Theorem for periodic 
systems was proved in [CHGL],[GKM] for general cases. 
We describe the properties of the conformal mapping w. 

Theorem 1.6. Let V G J^. Then the following relations are fulfilled: 

u^{z) ^1, z & cr(7v) and u^{z) > 0, z E cr(i), (1.30) 
here u'^{z) = 1 for some z E cx^n) ifJV = 0. Moreover, 

v"^{z) < < v{z), u{z) = const G — Z, for all z e gn = {z~, z^), (1-31) 
v{x) = vl{x)(l + - [ jj^l"^^ ), xegn, v'^{z) = \{z-z-){z+ -z)\'^, (1.32) 

n 

\\V\\ ^ CoG(l + G^), if a{N, V) = a(^), (1.34) 
for some absolute constant Co- 

Remark. Using this theorem we deduce that the function h{u) = v{x{u)),u G M is 
continuous on M \ {un, n G Z}, where m„ = u{x), x G gn- In this case we have 

h{un±0) ^ h{un), neZ. (1.35) 

The plan of our paper is as follows. In Sect. 2 we obtain the basic properties of the 
fundamental solution and prove Theorem 11.11 In Sect. 3 we determine the asymptotics of 
M{z) and of the Lyapunov function and the multipliers at high energy and prove Theorem 
11.21 Sect. 4 is the central part of the paper where we obtain the main properties of the 
quasimomentum km,fn = 1,..,N. We prove the basic Theorems 14.11 and 14.21 In Sect. 5 
using Theorems 14.11 14.21 and [KK3] , devoted to the conformal mapping theory, we prove 
Theorem 11.41 and 11.61 
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2 Fundamental solutions 



In this section we study y?. We begin with some notational convention. A vector h = 
{hn}^ € has the Euchdean norm = Xli^ while a. N x N matrix A has the 

operator norm given by 1^41 = supj^jj^]^ \ Ah\. 

The fundamental solution satisfy the integral equations 

, , , , /"* sin z(t — s) , , , , sin zt 

^p{t, z) = Lpo{t, z) + V{s)Lp{s,z)ds, Lpo{t,z) = In, (2.1) 

Jo z z 

where {t, 2;) G M x C The standard iterations in 1)2.11) yields 

ip{t,z)=y] (fn{t,z), !fn+l{t,z) = I ^^-^^^ —V{s)(pn{s,z)ds. (2.2) 

^n^O Z 

The similar expansion d = ^„>o''^n with ^9o(^)-2) = In cos zt holds. In order to determine 
the asymptotics of the fundamental solutions we introduce the functions 

I^(z)= dsi I cos z{m-2si + 2.82) F2{s)ds2, m = l,2, (2.3) 
Jo Jo 

where F„(s) = TrV(si) ■ .. • V{sn),s = (si,..,s„) G ]R",n ^ 1. They satisfy the simple 
identity I^{z) = 4:I^{z) cosz, z e C, see [BKK]. Define 



V^= V{x)dx, 5„ = Tr^-^, n^l, |z|i = max{l, |z|}. 
Jo 



(2.4) 



We prove 



Lemma 2.1. Let V G J^. Then each functions (f{t,z),-t}{t,z),t ^ 0, are entire and for any 
integers m t ^ 0,no ^ —1 the following estimates are fulfilled: 

no no no 

max||?9(t,2;) - ^^9„(t,z) , \z\i(^if{t, z) -^ipn{t, z)^ , -—(^i^'{t,z)-^i^'^{t,i 



' - (no + 1)1 
Moreover, each Tjn{-),m ^ 1 is entire and satisfies 

\Tn.{z) - ^TW(^)I ^ ^^^e"^^""^"''^^ (2-6) 
^mH^) = cosm^, T^\z) = ^^sinm^, Tj^\z) = ilt'\z) - m^B2 cos mz), ... 
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Proof. We prove the estimates of (p, the proof for i)' is similar. ()2.2|) gives 

Mt,z)= [ fn{t,s)V{s,)-..-V{Sn)ds, Ut , s) = ^o{Sn, z) fl ^'''' ^ (2.7) 

where s = (si, .., s„) G M", sq = t and D„ = {0 < s„ < ... < S2 < si < t}. Substituting the 
estimate |(y9o(^, ^)| = |2;~"^sin zt\ ^ |z|^^el^™^l* into (EHI), we obtain 

llmzl* I" \lmz\t 1 / /"* \n 

\Mt,z)\^Y^ \V{s,)\-..-\V{s^)\ds^-—^--( \V{x)\dx) . 

\z\i Jd„ \z\i n\ \Jq / 

This shows that for each t ^ the series fl2.2j] converges uniformly on bounded subset of C. 
Each term of this series is an entire function. Hence the sum is an entire function. Summing 
the majorants we obtain estimates ()2.5p . 

The function Tm,m ^ 1 is entire, since ip,i} are entire. We have {2N)Tm = TrM™(2) = 
Tr^(m, z) = Tr^^^g^„(m, z), where 

Tr^o("^5-2) = 2N cosmz, Tr^„(m, 2;) = Tr'i9„(m, + Ti ip'^{m, z), n ^ 1. (2.8) 

The estimates | Ti <^'^{m, z)\ ^ ini^e^^'^'^"' and | Tr^9„(m,z)| ^ (.ni^e^^'^'^"' yield 

|Tr^„(m,z)| ^ (2iV)^^^^^e'"|i'""l, n^O. (2.9) 

n! 

Using ()2.8p we obtain 

1 /''^ sin ?77/2 

Tr^i(m,2;) = - / (sin 2;(m — t) cos 2;t + cos 2;(m— t) sin 2;i(;) Tr K(t)(i)f: = mBi, (2.10) 

z Jo z 

and 

1 /•* 

Tr^2(^, -2) = ^ / sin z(t — s)z(m — t + s)F2(t, s)dtds 
^ Jo Jo 

1 Z"™ /■* 1 

= — - / (cos z(m — t + s) — COS zm)F2(t, s)dtds = — -(I^(z) — m'^B2 cos mz) 
2^^ io io 2z^ 

since F2(t, s)rftc/s = i Tr (^/™ l^(t)dt)^ = m^^a. ■ 

Note that the fundamental solutions ip{t, z),'d{x, z) and M{z),Tm{z),m ^ 1 is real for 
z'^ G M. Moreover, all functions ^^(t, z), ^^'(t, 2;), 7?(t, z), 'i9'(t, 2;), M(2;), T^, m ^ 1 are even 
with respect to z G C and then they are entire with respect to A = z^. 

Using the identity p.5|) and D{t,z) = X^o^ 'Cm(-2)T^^~™' we obtain 

D{r,z) _ {r^ + T~^) ^ (r^-i + r^-^) (r + r'^) , ^ 
(2r)JV ~ 2^v + ^1 ^ + ^ + ... + 2 4jv 

Substituting into this equality the identity for the Chebyshev polynomials 7^, n ^ 1: 

= r.(z.) = 2^-i£c„,^z."-2-, c„,^ = (-l)-n |^~^^~^, 2"-^-^, (2.11) 
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V = — , see [AS], we get $(z/, z) given by 

N 

5^</)„(z)z/^-, (2.12) 



00 = 1, = CN-lfl^l = y, (1)2 = Cn,1 + CAr__2,o6, h = CN-1,1^1 + (2-13) 

2^ + ••• + CiV_2„,o6n, (2.14) 

4'2n+l = C7V-l,n^l + CAr_3,n-1^3 + 2^5 + ••• + CAr_2n-l,0'C2n.+l- (2-15) 

Let D^, $° be the determinant D and the polynomial $ at = 0. In this case we have 

TV 

DO(r, z) = {t^ + 1- 2t cos z)^ = (2r)^(z/ - cos zf = (2r)^ ^ C^(- cos z^u^-"^ 



where = . Thus $o = (z/ - cos 2)^ and 0l^(2) = (-1)™C^ cos™ z at V = 0. 

Substituting the identity for the Chebyshev polynomials ()2.11|) into the trace formula 
i Tr M"(z) = , we obtain 

^ 1 

5^r„(A^(z)) = -TrM"(z), zgC. (2.16) 

m=l 

Proof of Theorem ll.il Ai (z). .., An{z) are the roots of $(z/, z) = for fixed z E C Recall 
that Ba are all branch points of Ai{z), .., An{z). 

First simple case, let Ba = 0- Then all functions Ai(z), .., An{z) are entire, the function 
<l>j = - Aj, j = 1, .., and Nq = N. 

Second case, let Ba 7^ 0- Consider a simply-connected domain Qi C C containing only 
one branch point Zi G Ba- We consider the behavior of the roots Am,rn = l..,N in the 
neighborhood of the branch points Zi. Let B'{zi,r) = B{zi,r) \ {zi} be the small disk near 
Zi with radius r > but excluding zi. The functions Am, fn = l..,N are branchs of analytic 
functions (defined in ^2 \ ({-^i, ^2})) with a branch point (if p2 > 1) at zi and Z2. 

are analytic of z G B'{zi,r). If B'{zi,r) is moved continuously around zi, then 
functions can be continued analytically. When B'{zi,r) has been brought to its initial 
position after one revolution around zi, the functions A^, fn = l..,N will have undergone a 
permutation among themselves. These functions may therefore be grouped in the manner 

{Ai{z),..,Ap^{z)},{Ap^+i{z),..,Ap^+g^(^)},.. where A^ ^ Aj,l ^ i < j ^ pi, ... (2.17) 

in such a way that each group undergoes a ciclic permutation by a revolution of B'{zi,ri) 
of the kind described. For brevity each group will be called a cycle at the branch point zi, 
and the number of elements of a cycle will be called its period. 

It is obvious that the elements of a cycle of period pi constitute a branch of an analytic 
function (defined near zi) with a branch point (if pi > 1) at 2:1. We have Puiseux series as 

Aj{z) = Ai(C) + ait + a2t^ + .., t = e^^^ {z - zi)n^ j = 1, 



^(i^,z) 



D(r,z) 



(2r) 



N 
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Consider a simply-connected domain C C, containing only two distinct branch point 
Zi, Z2 G Ba- The similar argument as above give that functions Ai, .., A^v may therefore be 
grouped in the manner 



{Ai(^),..,Ap2(2;)},{Ap2+i(^),..,Ap2+g2(2)},.., where pi ^ p2, 



(2.18) 



and Aj 7^ Aj, 1 ^ i < j ^ Pi,---- Here the elements of a cycle of period p2 constitute a 
branch of an analytic function (defined in fl2 \ {{^i, ^2})) with a branch point (if P2 > 1) at 
zi and Z2. 

If we take a sequence of domain Q„ C ^ 1, containing only n distinct branch 

points zi, ..,Zn e Ba n Jl„ and let limQ„ = C, then the similar argument as above give that 
functions Ai, .., Ajv may therefore be grouped in the manner 



{Aj{z),j e uji}, {Aj{z),j e UJ2}, {^j{z),j e unq}, where A^ Aj,i,j e 



CO. 



(2.19) 



^ 7^ "S = 1, ••, ^0- Here the elements of {Aj{z),j G cui} constitute a branch of an analytic 
function Ai (defined in C \ Ba) with a branch point (if the of numbers of elements of uji is 
> 1) at some points Zn € Ba, z ^ 1. 

There exists an interval y C M, 1^ 7^ such that the spectral interval Y C o"(=Sf ) has 
multiplicity 2N (see [MV]). Thus all functions Am,m = 1, ..,N are real on Y. Hence each 
entire function $«(//, z),s = 1, ..,No is real for all z/, 2; G M. 

{z))t'{z) 7^ 0, 2; G y , since by the Lyapunov Theorem, 



r 



ii) We have A'^(^) = i( 
t'{z) ^ for all zeY. 

iii) Recall that the resultant for the polynomials f — r'" + oit""^ + .. + a„, g — bor^ + 
6iT*~^ + .. + bs is given by 



R{f,g) ^det 



( 1 


ai 




On 





.. 


\ 





1 


ai 




On 


.. 













1 






an 




&i 




bs 





.. 







&o 


fci 






.. 





V 







bo 


61 




bs ) 



s lines 



n lines 



(2.20) 



The discriminant of the polynomial / with zeros ri, .., t„ is given by 



Dis/ = n(^.-r,)^ = (-l)^i?(/,/). 

A.(^))^ 



i<j 



Thus we have Dis<l>,(r,z) =U^<s,^,se4Mz) - A,iz)f = (-l)^^^i?($„ $;.) is entire, 

since $j(T, z) is the entire function. Then the function p = Yii " Dis$j is entire. 

iv) We consider the gap gn = {z~, ^^) in the variable z, where a gap •jn = (A~, A^), = 
{z^f. Each gap gn = {z', z+) = \Jgn,p:P = 1, ■■,Pn, where gn,p = {z~p, z+p) is finite interval 
such that Ajn{z) ^ [—1, 1] for all z G gn,p for some m = m{p). Note that A^(2;~p) = ±1 or 
z~^p is the branch point G Ba, otherwise we have a contradiction. ■ 
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3 Spectral asymptotics 

Below we need the identities for J = ( ^ ] ^ Ji = \ ^ ] ^ J2 = \ ? 

\ —-'AT U y \ u —In J \ In 

J^ = -I, JiJ2 = J, JJi = -J2, JJ2 = Ji, (3.1) 

e^"^ = I2N cos z + J sin z, zeC (3.2) 

We have also 

D\z, t) = det{e'^ - r/ajv) = (r - e^fi^ - e'^Y , D\z, ±1) = 2^(1 ^ cos zf, (3.3) 

{e'' - rhN)-' = {r- e'T\r - )-i(e-^ - r/2jv). (3.4) 

We shall obtain the simple properties of the monodromy matrix. We introduce the modified 
monodromy matrix 

with the same eigenvalues and the same traces. We will show following asymptotics 

M{z) = e''(l+ ~^"^t,^^^^'^' )+0{z~^e\'^^\), V{z) = fv{t)e-^'^'' dt,\z\ ^ 00. (3.6) 
\ 2z / Jq 

Indeed, using ^T^, we get M{z) = e^*^ + Mi(z) + Oiz-^e^^'^'^), where Mi is given by 

fwf+\ft4 f — n( sin z(l — t) costz/AT sin ^(1 — t) sint2;/Ar 



M^{z) = — V{t)f{t,z)dt, f = 2\ ); iv -^^^v^ v^^^^^^iv , ^3-^^ 

^' 2z Jq \cosz{l -t)costzlN cosz{l -t)sm.tzlN ' 

Let c = cos 2, s = sinz and a = z{l — 2t). Then substituting the identity 

(s + sina)Jiv (-c + cosa)/7v ^ _ , „ t „„„ „ t n _ 7„zJ , „aj 



/ = ; V ^ r = (^ - c^) + (sinaJi - cosaJs) = -Je'' + e*^-^ J2 

\^ (c + cosajiAT (s — smajiAT / 

into ()3.7p we obtain ()3.6p . 

Define the matrix L = |(M + M~^) with eigenvalues = |(Tm + T~^),m = 1, 2, A^, 
of multiplicity two. The identity ()1.4|) yields 

M + M-^ _l / ^(1,.) + ¥.'(1,-)^ .(y.(l,-)-V^(l,-)^) \ .3.. 
2 2^^-H^'(l,-)-^'(l,r) ^(l,y + ¥^'(1,-) 

Using ()2.5j) we obtain 

Liz) = L,iz) + + + L,iz) = cosz + ^V'', \z\ ^ 00, (3.9) 

15 



where 

L,{z)= f'dt [\mz{t-s)( ""''f:'''] ""''f^'^'Dds, zee, (3.10) 
Jo Jo '\a2i{t,s,z) a22{t,s,z) J 

aii(t, s, z) = sin z{l — t) cos zsV{t)V{s) + cos z{l — t) sin = aJi, (3-11) 

ai2it,s,z) = sin z{l-t) sin zs{V{t)V{s) - V{s)V{t)), (3.12) 

a2i{t,s,z) = cos z{l-t) cos zs{V{t)V{s) - l^(s)l^(t)), (3.13) 

and 

L3(^)= Cdtf dsTsinzit- s) sin z{s-u)(l^^^^:'''''^\ l^^^^' ''''' ""l^ du, (3.14) 
Jo Jo Jo ' \b2i{t,s,u,z) b22{t,s,u,z) J 

bu = sin z{l ~t) cos zuV{t)V{s)V{u) + cos z{l-t) sin zuV{u)V{s)V{t), 622 = &n, (3.15) 

612 = sin 2(1 - t) sin zu{V{t)V{s)V{u) - V {u)V {s)V (t)) , (3.16) 

621 = cos z{l~t) cos zu{V{t)V{s)V{u)-V{u)V{s)V{t)). (3.17) 
Recall that V° = V{x)dx, 5„ = Tr 

Lemma 3.1. For each (r, V) G M+ x asymptotics p. lip and the following ones 

V z Az"^ / 

TrL2(.)=(-52 + ^^^^^)cosz, (3.19) 

TrVoL2{z) = -353Cos2 + 0(el^^"l/^), (3-20) 

TrL3(^) = -zi?3^ + o(el^-^l), (3.21) 
hold as y ^ i^\x\,y 00. Moreover, the following identity and the asymptotics are fulfilled 

T r^„i - tlL ( ^^"^ + [^'"' [^'"' - ^'1 ^ 

^^{z) = cos(z--^]+^ ^ as z = 'Kn + 0{lln), m = l,..,N, (3.23) 

V 22; / n"' 

w/iere = -(^0)^ + (r^")2 + (V^^")^ and [A, B] = AB - BA for matrix A, B. 
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Proof. Recall the simple fact: Let A, B be matrices and and cr(-B) be spectra of B. If A be 
normal, then dist{a(A), a(A + 5)} ^ \B\ (see [Ka,p.291]). 

The diagonal operator Li{z) has the eigenvalues A^(2;) = cos 2; — V^^^.m = l,..,N 
with the multiplicity 2. Using the result from [Ka] and asymptotics ()3.9|) we deduce that 
the eigenvalues Am{z) of matrix L{z) satisfy the asymptotics 

Using ()3.1U|) we obtain 

TrL2(^) = 2 [ [ sin z{t - s) sin z{l -t + s)F2{t,s)dtds 
Jo Jo 



1 rt 




COS z{l — t + s) — COS zm)F2{t, s)dtds = Ii{z) — B2 cosmz, 



JO 



smce 



^ jF2{t, s)dtds = ^ Tr(^ V{t)dt)^ = B2. 



Due to (jnH) we have I^{z) = cos 2, which yields I^J^^. 

We show (KM . Let G{t,s) = Ti VoiV {t)V (s) + V{s)V{t)). Using dTTIH) . we have 

TtVoL2{z) =TtVo [ [sinz{t-s)z{l-t + s){V{t)V{s) + V{s)V{t))ds 

>1 rt 



JO 



Since 



^ / ^^Z*'" ^ ^ cosz(l - t + s))G{t, s)ds = -3B3 cos z + Oie^^'^'^ / z), 
dt jTTVo{V{t)V{s) + V{s)V{t))ds = TrK)(^ r(t)rft)^ = 6^3. 



'0 Jo 

Consider Ti L3. The identity ()3.14p gives 



TtL-Az) 



/ dt ds sin z{t — s) sin2;(s — u) Tr(6ii + b22)du 
Jo Jo Jo 



dt ds sin z(t — s) sin z{s — u) sin z{l — t + u)Rdu, 
Jo Jo 

where R = TT{V{t)V{s)V{u) + V{u)V{s)V{t)). Using the identity 

4 sin z{t — s) sin2;(s — u) sinz(l — t + u) = — sin z + P, 
P = sin 2(1 -2s + 2u) - sin2(l - 2t + 2s) - sinz(l - 2t + 2u), 

we get 

L3 = -if-^ + Li Vi = \ I dt I ds I Rdu, L\ = \ I dt I ds I PRdu 



^ ^ -10 JO JO ^ -'0 -'0 -'0 
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where 



L° = ^ /" V{t)dt f dsf {V{s)V{u) + V{u)V{s))du = ^ / V{t)( [ V{s)ds)'^ = B3. 
2 Jo Jo Jo ^ Jo ^ Jo 

Due to we obtain Ll = o(el^""^l). which yields flTTCI . 
We will show (KT^ . Asymptotics yields 

^ = /,. + ^, S = ^^ + -^ + -^ + Oiz-% (3.24) 
cos z Z2; Iz"^ cos 2; 22;'^ cos z 

as 1^1 — ^ C)0,?/ ^ r|x|, since tan 2; = i + 0(e~^). In order to use the identity 

det(/ + 5) =exp(Tr5-Try + Try + ..), |5| ^ 0, 
we need the traces of 5™, m = 1, 2, 3. Due to (fTTTHl - fjT^ we get 

^ = -^Tr^^ + 0(. ) = -^ + 0(. ), (3.25) 

-^^Y = y((2iF^"-2^4iW+^(^ V = 2i^ + ^4i^ + ^(" ) (3.26) 

and 

V 2z 2z^cosz 2z^cosz J z \ 2z^ iz^ J iz^ ^ ' 

and summing (IT^ - fpTTTj) we get ^J^ . 

We will show ()3.22|) . Let z = nn^ct = cosvrnt, = sinvmt, and = V{t)V{s) ± 
V{s)V{t). Using (ITTT]) . we have 

4(-l)" sin7rn(t - s)an(t, s, nn) = 4(stC, - s,Q)(-StC, 1/(^)1/(3) + SsCtV{s)V{t)) 

= {{C2t - 1)(1 + C2s) + S2sS2t)Vit)V{s) + ((C2t + 1)(1 - C2.) + S2sS2t)V {s)V (t) 
= (-1 + C2tC2s + S2tS2s)K^s + ((^2* " C2s)i^t; 

and the integration yields 

[dtf sin z(t-s)auit, s, z)ds = - [ [ sin z{t-s)au{t, s, z)dtds = ^^^(x^'''> + [V''',V^]) , 
Jo Jo 2 JqJq 4 V / 

(3.28) 

where X(") = ~{V^f + {V^'^)^ + (V'")^. Using (PTT^ . we obtain 



;-l)"sin7™(t - S)ai2(t, S,7rn) = {StCg - SsCt){-StSs)K^^ = {S2t - S2s + S2sC2t - C2sS2t)- 



ts 



4 
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and the integration yields 

j^dt sin z{t - s)au{t, s, z)ds = (v'^'V^ - V^V'"' - V'^'V^^ + v^nysn^^ _ ^g ^g) 
The similar arguments give 

jj^j^ sin z{t- s)a2i {t, s, z)ds = (^y V"" - f V° - + y-^f j . (3.30) 

Combining the identities ()3.28|) - (j3.30|) and using 022 = aJi we obtain (j3.22|) . 

The diagonal operator Li{z) has the eigenvalues A'^(z) = cosz — V^^^,m = 1,--,N 
with the multiplicity 2. Using the result from [Ka] and asymptotics (j3.22|) we deduce that 
the eigenvalues Am{z) of matrix L{z) satisfy the asymptotics ()3.23|) as z = nn + 0{l/n). ■ 

Recall that D°(±l, z) = [e" ^ 1)^(6"*^ ^ 1)^ = 2^(1 ^ cosz)^. 

Lemma 3.2. LetV ^ M' and let A = eli'^^l+^, x = \z\i = max{l, l^]}. Then 
i) The following estimates are fulfilled: 

\Uz)\ ^ i2NAr, \Uz) - ^ 2x(2iVA)™, m = 1, .., AT. (3.31) 

\D{±l,z)-D\±l,z)\<CN>iA^, Cn = ^2N)^. (3.32) 

a) For each integer uq > 4^CAr||V^|| the function D{1, z) has exactly N{2nQ + l) roots, counted 

with multiplicity, in the disc {\z\ < 7i(2nQ + 1)} and for each \n\ > uq, exactly 2N roots, 

counted with multiplicity, in the domain {\z — 2i:n\ < |}. There are no other roots. 

Hi) For each integer uq > 4^CAr||\^|| the function D{—1,X) has exactly 2NnQ roots, counted 

with multiplicity, in the disc {\z\ < 27rno} and for each \n\ > uq, exactly 2N roots, counted 

with multiplicity, in the domain {\z — 7[{2n + 1)| < |}. There are no other roots. 

iv) Assume that 7^ for all i ^ j E uJs for some s = 1, .., A^o- Then there exists integer 

Uq ^ 1 such that the function ps has exactly 2Ns{Ns — l)nQ roots, counted with multiplicity, 

in the disc {\z\ < 7r(no + |)} and for each \n\ > hq, exactly Ns{Ns — 1) roots, counted with 

multiplicity, in the domain {\z — 7in\ < |}. There are no other roots. 

Proof. We prove ()3.3H) by induction. Let the first estimate in ()3.3H1 hold for Using ()2.(i|l 
we obtain |iCm(^)| ^ IJ'"^jf^ = 2NA for m = 0, 1,2. If m ^ 2, then substituting the estimate 
\^j{z)\ ^ and \Tj{z)\ ^ A^ (see (jTSl)) into (HH) we have 

m + 1 ^ [m + 1)(2A' — 1) 

We shall show the second estimate in 1)3.311) . Let p„ = \C,n{z)—^^{z)\. The recurrent identities 
(fO)|) and \Tj{z) - Tj^\z)\ ^ kJA^, \^j{z)\ ^ {2NAy and give 
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n-l n-1 

1 1 

where we used pi ^ xA, see fj2.6p . Thus we get ()3.31|) . 

ii) We have -D(l, ■) = ^at + 2 ^n, where ^„ are given by Recall that = ^„ 
at V = 0. Hence using (|3.31|) and /x = 2A^y4 we have 

N-l N-l 

\D{l,z)-D'{l,z)\ ^ |e^(z)-e)^(z)| + 2 5^|^„(^)-e°(^)| ^2x/i^ + 2 5^2x/i". (3.33) 

1 1 

Thus \D{1, z) - z)\ < 2x/i^(l + j^) < 4xfi^ since fi ^ 4 which yields (HUa . 

Let ni > no be another integer. Introduce the contour C„(r) = {z : |2 — 7m\ = vrr}. 
Consider the contours Co(2no + l),Co(2ni + l),C2n(|), I't^I > "'^o- Note that x ^ ^ on all 
contours. Then ()3.27|) and the estimate e^'^™^' < 4| sin || on all contours yield 

D(1,A)- (2sin-) ^C^xA^ = Ce^l^"^^l ^ (C4^) 2sin- <-2sin- (3.34) 

where C = |z|~^C7v||^||e^^. Hence, by Rouche's theorem, D{l,z) has as many roots, 
counted with multiplicities, as sin^^ | in each of the bounded domains and the remaining 
unbounded domain. Since sin^^ | has exactly one root of the multiplicity 2N at 27m, and 
since ni > no can be chosen arbitrarily large, the point ii) follows. 

iii) The proof for D{—1,X) is similar. 

iv) Consider the case Nq = 1, the proof for A^q ^ 2 is similar. Asymptotics p. lip yields 
Aj{z) - A^{z) = (V;o - V^)^ + 0(z-2eli'^^l), kl ^ oo. Then 

PW = n(^(^)-^™W)' = ^o(V + ^^^0 ' ^o=llV,'-Vy. (3.35) 

Let rii > riQ be another integer. Introduce the contour C„(r) = {z : |z — 7m| = vrr}. Consider 
the contours Co(2?7,o + l),Co(2ni + l),C2n(|), |^^| > riQ. Note that x ^ ^ on all contours. 
Then (I3.35|) and the estimate e'^™^' < 4| sin2;| on all contours (for large no) yield 

/sin 7\ N{N-l) 
p{z)=p%z)il + 0{z-')), P°(^) = Co(^) 

Hence, by Rouche's theorem, p has as many roots, counted with multiplicities, as p'^ in each 
of the bounded domains and the remaining unbounded domain. Since p° has exactly one 
root of the multiplicity A^(A^ — 1) at vrn 7^ 0, and since ni > no can be chosen arbitrarily 
large, the point iv) follows. ■ 



Proof of Theorem 11.21 i) We determine asymptotics (jl.lSj) for z"^^ = 



as 

n —>■ 00. Lemma 13.21 vields {z^^^ — 7in\ < ^ a.s n —>■ 00, m = 1,2,..,N. Lemma l3.ll gives 
A™(^) = cos(;z- ■^) +0(1/^2) as z = 7rn + 0(l). Using the identity Aj{zl^^) = (-1)", we 
have z^^ = vrn + 0(l/n). We shall determine sharper asymptotics. 
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Recall that the modified monodromy matrix M{z) is given by (j3.5j) and it has the same 
eigenvalues as M{z). Define the local parameter fi hj z = nn + efi,e = Note that 

X = z"^ = (vrn)^ + /i + {efiY- Asymptotics ()3.6|) gives 



;-l)"M(z) = e'f'^l^hN - £J{Vo + JVinn)J2) + 0(e)) = I2N - £J{Vo + V" + 0{e) - /i), 

(3.36) 



where 



V" = JV{7m)J2 = j[ V{t)e-^''^dtJ2 = JiV'"' - JV'"^) J2 = ^iV^"' + . 
Jo 

Hence we have the asymptotics (jl.l5j) . since 

= det(^(-l)"M(2) - J27v) = det(-eJ) det(Vo + V" + 0{e) - /i^ 



Consider the case < ... < V^. We shall determine asymptotics ()1.18|) for the case 
a = (jn,m),m = 1, .., A^. Let z^^^ = nn + e/i and fJ' — = ^ ^0. Using the simple 
transfomation (unitary), i.e., changing the lines and columns, we obtain 

det(y° + V(") + 0(e) - /x) = det ^'^"^ ^ ^ ^ = det(A4 - det i^(0, 

(T/cn T/sn \ 
_^en ) + O(^), = diag{\/,° - - \/°} + A,, 

A2, A3, = 0(5„), 5„ = I V^"| + £, ir(0 = - e - ^2(^4 - 0"'^3 + 0(e) 
We have K{^) = - ^ + 0(0), (f) = e + \V''\'^ , which yields 

= det KiO = e-Ki\'- + V^iT&2 + V^iT&3 + 0(02), b,, 62, , &3 = 0(0) 

where 61, 62? &3 are analytic functions of ^. Rewriting the last equation in the form (^ + 0)^ = 
{\Vii\ + + 0(0^), a, /? = 0(0) and using the estimate \J x"^ + y"^ — x ^ ?/ for x, ?/ ^ we 
get ^ = ±|V7i| +0(0), which yields (jl.l8p for the case a = {m,m). 

Consider the resonances. Assume that 7^ Vj' for all i j & Us for some s = 1, .., A'q. 
By Lemma the zeros of ps have the form = G c^s, j < j' ,n E Z \ {0} 

and satisfy — vrnl < 7r/2. 

Asymptotics (fTTT]l yields Aj(2) - Ajv(z) = (1^° - V^?)^ + 0{z-'^e\^"''\), \z\ 00. 
Then — 7rn| < 7r/2 yields z"^ = vm + 0(l/n) as n — > 00. 

We have the identity Aj(z) — Aj/(z) = at z = z^^. Then using ()3.23|) we have 

which yields i.e., 

^-± = vm + £(a+ + i2^), a±= ^ = 77^, = <5„. (3.37) 
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We shall show that for large n in the neighborhood of each im + £a+ the function (Aj(z) — 
Aj/(z))^ has two real zeros resonances (counted with multiplicity). Introduce the functions 

/^(/i) = 2(27rn)2(l - (-l)"A„(7rn + e^)) = - Vy + 0((5„), 5„ = + e. (3.38) 

For the case /x — a+ we get 

/„(/i) = (a+-0' + o(l), m = l,..,iV, and /^(/i) = a2 +o(l), m = j,/. (3.39) 

Hence the function — /j/ (maybe) has the zeros, but the functions fj — fm, m ^ have 
not zeros in the neighborhood of the point a+. 

Note that these functions are real outside the small neighborhood of a+, otherwise for 
any complex branches there exists a complex conjugate branch, but the asymptotics ()3.38|) 
show that such branches are absent. 

We have two cases: (1) let fmifJ^),^ = be real in some small neighborhood of a+. 
Then the function fj — fji has at least one real zero, since by Theorem II. ![ the functions 
fj, fji are strongly monotone. Thus {fj — fj'Y has at least 2 real zeros. 

(2) Let fm{f^),'>Ti = be complex in some small neighborhood of a+. Then they have 
at least two real branch points. Thus (/-,■ — fj>y has at least 2 real zeros. 

Hence {fj — Z,/)^ has exactly two real zeros, since the number of resonances (in the 
neighborhood of the point ttu) is equal to Ns{Ns — 1). 

We determine the sharp asymptotics of resonancees. Define the unitary matrix P = 
-^{Ji + iJ) = P*,P'^ = hN- Using the identities 



f 

{V{n)y Q 



PJP = -iJi, PJiP = iJ, PJ2P = -J2, 

fn = -iJiPV'^P = -iMiJV"'' - = JsV^'^" + iJV''' = 

we have 

^ ^ pl^ {-irM{z)-i ^^ ^ j^^^^ ^ ^ ^^^^ _ ^ j^^^^ ^ ^^^^^ 

The operator A — has the eigenvalue ^0 = ''"'''^ ^".^^^ _ q_ Qf multiplicity two, since r„ <, = 

/ T/O _ T/O Q \ ' 

t{zI^) = (-l)"e*^("-+°(i)). The operator Ji{V'^ - a+) - a_ = f ^ ^ ^ yo 1 has 

two eigenvalue (= 0) and other eigenvalues are not zeros. Using the simple transformation 



(unitary), i.e., changing the lines and columns, ^ = a+ + r & = — 0, f = V^y'', we 
obtain 

F(0 = det(A - a_ - = det ^^^^ ^ ^ ^ = det(A3 - det {K{i) - ^h) . 

( 7; : ) - oi.). m) - A - -HA, - . ( - 7; - ; 
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^3 = diag{K^ - V.0 - r, m ^ j} © diagjlA? -V^ + r,m^ j'] + A,, A^, A - 3, = 0(5„), 

the function ai, 02, 03, 04 = 0(0), = £ + and they analytic with respect to ^ in some 

small disk. The function F = det^i^'(^) — C,l2^ has the form 

F{0 = e-r^ + \v\^+aiir-0+a2i-r-^)~tvas-ta,v-a^a; = (^-^0)2(1+0(^-^0)) (3.40) 

for ,^ ^ where ^0 = ■^«,s~'i-) _ jg ^.j^g ^ero of F of multiplicity two. Then ,^0 = 0{(j)) 
and we have (r — a)"^ = {\v\ — j3y + 0{(fP') where a,(3 = 0{(f)). Then using the estimate 
a/xM-^ — a; ^ ?/ for X, y ^ we get r = ±|t>| + 0(0). ■ 

Proof of Corollary 11.31 (i) Let Nq = 00. Then, due to the Lyapunov Theorem, 
Theorem II. 2^ there exists a real sequence — > +00 as A; — * 00, such that G '-fn^™'^'"^^ 
for each m = 1,..,N. Hence, Ci^^i'-fuk"^^'^^ 7^ 0. Using asymptotics p.l8|) and k 00, 
we obtain + V^^^j = ... = + V°(n)- Moreover, the estimates < ... < yield 
T/o,) > ... > 1^0^), i.e. j(l) = N, j(2) = iV - 1, ... Then, V,' + = V^^ + V^_, = which 
give a contradiction. 

(ii) Let 2a = V^^ + V^ = V^^ + V^_^ = ... Due to (HIHl), (Tmfc)^ + ae n^^^T^f as 
k CO. Then the Lyapunov Theorem yields (vrnfc)^ + a ^ cr{^), k ^ 00, i.e. Nq = 00. m 



4 Harmonic functions 

In this Sect, we will prove Theorems 14 . 1 1 and 14 . 21 ab out the properties of the quasimomentum. 
Recall that the Lyapunov function A5(C) is analytic on some A^^-sheeted Riemann surface 
I^s and ^ = Ui^^s- Let z = x + iy & C he the natural projection of ( E be the set 

of all branch points of the Lyapunov function and = & ^ : ±lm( > 0}. We define 
the simply connected domains C C± and a domain by 



^0 = C\(^f3+ U/5_ U/5o), f3o = {zeR: Am{z) i M /or some m G {1,.., A^}} 

Due to the Lyapunov Theorem, A(C) ^ [-1, 1], C e e^+. Recall that q{() = \ log?7(A(C))| is 
the single- valued on imaginary part of the (in general, many- valued on quasimo- 
mentum k{() = p{C) + iq{C) = arccos A(C) = i\ogri{A{()), where 



r]{z) =z + Vz^ - 1, 7]:C\ [-1, 1] ^ {2 G C : 1^1 > 1}. 

We denote by qm{z), z G C+, m = 1, .., N, the branches of q{() and hj Pm{z), ktn{z), z G ^q, 
the single- valued branches of p(C), ^(C); respectively. 

Theorem 4.1. Assume that V G and fix some j = 1, ..,Nq . Then the function qs{C) = 
\og\r]{As{())\ is subharmonic on the Riemann surface (^nd the following asymptotics are 
fulfilled: 

qs{C) = y + 0{l/\z\), y>r\x\, any r>0, (4.1) 
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q,{Q = y + 0{\z\-^), (4.2) 

as Id oo, ( G Ms- Moreover, let Aj be analytic on some bounded interval Y = {a,f3) C M 
for some j G 0;^ . Then 

i) If Aj{z) G M \ [—1, 1] for all z E Y, then kj{-) has an analytic extension from Mq into 
M^\JMqUY such that 

Re A;j(2:) = const G ttZ, z eY, (4.3) 

q-[z) = qj{z) > 0, z e UMq UY. (4.4) 

a) If we assume Aj{z) ^ M for any z &Y, then there exists a branch Ai,i G Ug such that 
Ai{z) = Aj{z) for any z E Y . The functions Aj{z) and ki + kj have analytic extensions 
from M^ into Mq UMq UY such that 

\A,iz) tf ^G^o" ^ ' 

Pj{z) + pi{z) = const E 2u:'L, zEY, qj{z) = qi{z), zEY, (4.6) 
q,{z) + q,{z) = qj(z) + qi(z) > 0, zEM^UMqUY. (4.7) 

Proof. By Theorem 11.11 the function is analytic on and the function 7]{-) is sub- 
harmonic on C. Then qs{C) = log\ri{As{())\ is subharmonic on Using the asymptotics 
flT^ . (fTTTI we obtain 

qs{C) = log|2cosz + 0{y~'^e^)\ = y + 0{y~^), \z\ 00, y > r\x\, 

which yields (|4.ip . Due to (|l.lip and Lemma [6.21 we have 

UO = log \v{cosz + 0{e\'^'\/z))\ = log \r]{cosz)\ + 0(l/v^) = y + 0(l/v^)) 

which yields 

i) Due to Aj{z) = cos kj{z) we obtain (|4.3p . The real part of kj is a constant on Y, then 
kj has an analytic extension from Mq into Mq U U Y. Moreover, qj has an harmonic 
extension from M^ into Mq U =^(7 U F by qj{z) = qj{z), z E Mq. 

ii) By Theorem ll.il each polynomial $s(z^, z) = Hne^ {^~^n{z)), G M is real for G M. 
Then for Aj there exists a Aj such that Aj{x) = Ai{x),x E Y. Then by the Morer Theorem, 
the function Aj has an analytic extension given by ()4.5|) from Mq into Mq U Mq U Y. Using 

Am(-z) = cos km{z),m = j,i we obtain = Aj{x) — Aj(x) = —2 sin gin _ 

Thus we get (jiTj) since gj(x) > 0, gi(x) > on F. ■ 

Recall the needed properties of the functions v E SC defined in Sect. 1 and w = u + iv. 
It is well known, that u E C(C+) and ^At> = yu^, (in a sense of distribution) is a so-called 
Riesz measure of the function v. Moreover, the following identities are fulfilled: 

jj,y{{xi, X2)) = u{x2) — u{xi) , for any Xi < X2, a;i,X2G]R, (4.8) 
dv{z) f dfiy(t) 



dy Jr {t -xy + y 



x + iyEC+, (4.9) 
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which yields ^ 0, z G C+. Moreover, v{x) = v{x ± zO), x G M. It is well known that if 
V G SC, then 

f diiJt) , viz) , wiiy) , viiy) , wfa;) 

/ < +00, lim sup = lim = lim = lim ^ 0. 4.10 

Now we recall the well known fact (see [Ah]). 

Theorem (Nevanlinna). i) Let fi be a Borel measure on M such that J^{1 + x^^)dfi{x) < 
+00 for some p G Then for each r > the following asymptotics is valid 

/737 = -E5pr + ^' 1^1^^' ^>^N' Qn= [ x^df,{x), 0^n^2p. 

Let F be an analytic function in C+ such that lm.F{z) ^ 0, z G C+ and 

lmFity) = coy-' + ... + C2p-iy-^''+Oiy-^^'-') as y^oo (4.11) 

/or some Cq, ..C2p_i and p ^ 0. T/ien -F(-2) = C + ^frj') £ C+, for some Borel measure 
/i on R such that J^{1 + x'^^)dfi{x) < 00 anc? C G M. 

Theorem 4.2. Assume that V G J^. T/ien t/ie function w = jj: km is analytic in C+; 
the function v = Imw = j^Yli 1m belongs to SICq fl C(C) and it is positive harmonic in 
fl = C+ U C_ U g. Moreover, the following asymptotics and identities hold 

u{z) = const G — Z, v{z) > 0, z E gn, (4-12) 

f (^;) = y + 0(l/y), |2;| — > 00, y > r\x\, any r > 0, (4-13) 
i;(2) = ?/ + 0(|2;|"^) ^ 00. (4.14) 

Proof. Recall that km{z) = ilogri{Am{z)), z G Mq, where Am{z), m = 1,..,N, are the 
branches of the function A analytic on ^ . Since A(C) ^ [—1,1], ( G the function 
77(A(C)) is analytic on ^+ and \ri{A{C))\ > 1, C e ■^+. Recall that Ba is the set of all 
branch points of the function A. Define the function -^(2;) = Y[m=iV{^m{z)), z G C+. Due 
to the symmetry of F with respect to the permutations of Ai, .., A„, we deduce that F is 
analytic in the domain B{zo, r) \ {zq} for any zq G C+ and some r = r{zo), including the case 
zo G C+ n Ba- Note that F is bounded in B{zo,r). This implies F is analytic in B{zo,r) 
for any zq G C+, i.e. F is analytic in C+ and |-F(-2)| > 1, 2; G C+. Therefore, the averaged 
quasimoment um 

1 ^ 1 ^ 

w{z) = ^\og F{z) = - ^2log77(A„(2;)) = ^ kU^) (4.15) 

m=l m=l 

is analytic in C+ and v{z) = lmw{z) > 0, z E C^. Moreover, w is continuous in C+. Using 
this fact and Theorem 14. II we deduce that v has an harmonic extension from C+ into Q by 
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v{z) = v{z), 2 e C±. Moreover, w has an analytic extension from C+ into C+ U C_ U 
since u = const on the gap gn, and we have identities (j4.12p . 

We show that v is subharmonic in C. Since v is harmonic in C+ U C_ U g we have to 
show that V is subharmonic at zo ^^\g. Note that v is continuous in C. 

Introduce the sets 

asiz) = {m : A™(z) G [-1, 1]}, agiz) = {m : Am{z) G M \ [-1, 1]}, 
and ac{z) = {m : Am{z) ^ M}. We have the decomposition 

V = Vs + Vc + Vg, Vj= j = s,c,g. 

We have 2 cases: the first case zq ^ B^. 

Consider Vg. We take the interval Y = {zq — e, zq + e) for some e > such that Y fl = 
0. Due to Theorem 14.11 each qm{-),Tn G aglzo) has an harmonic extension from into 
U U y by qm{z) = Qmi'z), -2 G for sufficiently small e. Thus Vg has an harmonic 
extension from into ^(J" U U F by Vg{z) =Vg{z), z ^Mq. 

Consider Vc- Due to Theorem 14.11 we deduce that 

Vc= Y ^™(^) = ^ 1m{z) + qfh{z), 

where km{z),m G Oc, is the quasimomentum such that A^^z) = Amiz),z G Y. Due to 
Theorem 14.11 each Vm = Qmi') + Qfh,^ ^ «g(-2^o) has an harmonic extension from ^J" into 
U U F by Vmiz) = Vmiz), z G for sufficiently small e. Thus Vc has has an 
harmonic extension from into U =^(7 U F by fc(2;) = vj(z\ z E . 

Hence due to Vs{zo) = we obtain v{zo) ^ J^^ v{zo + re^'^)d(l), for any small r > 0, 
and thus v is subharmonic in in some neighborhood of zq. 

The second case Zq G Ba- Define two intervals Y_ = {zq — 2e, Zq), F+ = (^o, Zq + 2e), for 
some e > such that Y± fl Ba = and each is harmonic in {\z — zo\ < e} H C+. Define 
the functions 

V = vi + vo, Vo{z) = Y Qm{z), ao = ttsizo + £)U asizo + e). 

meao 

Note that Vq{zo) = 0. The above arguments show that the function vi has a harmonic 
extension from into U U F_ U K|_ by ^1(2;) = Vi{z) for sufficiently small e > 0. 
Then the function Vi has an harmonic extension from into MqUI^q U {zq — 2e, zq + 2e) by 
^1(2;) = Vi{'z) for sufficiently small e, since the function vi is bounded in the disk B{zQ,t) = 
{z : \z — zo\ < e} for some small e > 0. Thus we obtain v{zo) ^ Jq"" v{zo + re^'^)d(f) for any 
small r > 0, since V(){zq) = 0. Hence the function v is subharmonic in C. 

Asymptotics dHH), (jOl) give (H:T^ . (j¥:T!?| l. Moreover, ^TH^ yields J^^dt < 00 and 

limsup^^^ = ^' ^ ^ 

The function v{z) — y is harmonic in C+, it is positive on the real line and v{z) —y = o(l) 
as \z\ 00, z G C+. Then v{z) — y is positive on C+. Using ()4.12j) and the Nevanlinna 
Theorem we deduce that f^v(t)dt < 00. Then v G SK-q. ■ 



26 



5 The conformal mappings 

We need the result from [KKl]. 

Theorem 5.1. Let v G SICq and v ^ const. Then w : C+ w(C+) = W{h) is a conformal 
mapping for some h G Cus,h ^ 0. Moreover, the following asymptotics, estimates and 
identities are fulfilled: 

Qo + o(l) 11 ^ I I f ^ n 

w[z) = z , \z\ — > oo, y ^ r\x\, tor any r > U, (5.1) 

lo +^0 = Qo, sup v\x) ^ 2Qo. (5.2) 

// in addition, Q2 < 00, then Q2 = Ii + V2, where Vn, In, Qn, n ^ are given by p.2Hj) . 

Proof of Theorem 11.41 By Theorem 14.21 the function v = j^Yli G SICq. Then 
Theorem 15. II gives that w : C+ w(C+) = W{h) is a conformal mapping for some h G Cus- 
The function M{iy),y > is real, then M{z) = M{—z), z G C+. This yields that the set 
{Tm{z)}^ = {Tm{—z)}i,z G C+, which givcs v{z) = v{—z),z G C+. Thus v{x) = v{—x) for 
all a; G M and the identities 

/ X 1 f vit)dt 1 [ v(s)dt 

w(-z) = -z+- / = -z-- / = -w(z), zeC+ 

Jr t + Z TX S- Z 

give -wo( -z) = wq{z), z G C+. 

Using ()l.lip and ^ we obtain qm{iy) = y + o(l) and 



det.(.) ^IIAIU) ^ (l±£^e-=r-« ^ <'"C^W) e— (5.3, 



a.s z = iy,y ^ oo and ()3.18|) yields 



2N . /.Tr^o + o(l) 



det L(z) = (cos^'^ z) exp i + " " ' ^ ' . (5.4) 

V z Az-^ / 

Thus due to Hewiiy) = we get 

TrV^o \\Vf + o{i) . 
= " - ^ - 8iV.3 ' z = ^y^y-^oo. (5.5) 

Then by the Nevanlinna Theorem and Theorem l5.H we have asymptotics (jl.25j) and identities 

(nnni), (nmD. 

Estimate ()5.2p gives ^ ^f^Qo- If -2 G o"{Ar), then v{z) = 0, since Am{z) G [—1, 1] and 
Imiz) = for all m = 1, .., A^. If z G cr(i) U g, then Am(z) ^ [—1, 1] for some m = 1, ..,N. 
Thus qm{z) > and v{z) > 0, which gives (jl.28p . ■ 

Proof of Theorem ESI i) We show (fTipi . Using 147(2) = z + i /^^ iJM^ z G C+ and (fT^ 

we obtain w'{z) = 1 + ^ (t^x)^ > z & o'(n), which yields u'^{z) > 1, 2; G a^N)- We used 
the fact that due to ()1.17|) u'^{z) = 1 for some 2; G 0"(Ar) iff = 0. 
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Let X G cr(i). Then some branch Am{x) G (—1,1) for all x E Y G cr(i) for some small 
interval Y = We have Afn{x) = coskm{x). Thus we get k'^{x) = — smk'^^) 7^ ^■ 

Hence we get u'^{x) = k'^{x) > 0, since qmix) = and ()4.9p yields Ux{x) ^ for x G 
which gives ()1.30|) . 

We show ()1.3H) . Note that v{z) > 0, z E g, otherwise we have not a gap. Using ()4.9|) 
we obtain = = 4^?^ > 0, z = x e gn, which yields v'^^{z) < 0,z e 

gn- Consider the function u{z),z G Theorem 14.11 vields NRew{z) = ^f^Re/cm = 
J2i = T^Nn, which gives ()1.31|1 

We recall the result from [KK2]. Let a function / be harmonic and positive in the domain 
C \ [—a, a], a > and f{iy) = y{l + o(l)) as y — > cxd. Assume f{z) = f{z), z G C \ [—a, a] 
and / G C(C7). Then 

f{x) = V^^(l + - [ ^['f' A , xe[-a,a]. 

^ ^ Jr\i \t - x||t2 - a2|2 / 

Hence the last identity and properties of v yield (|1.32p and the estimate v{z) ^ v^{z) = 
\{z — z~){z^ — z)| 2 , z E gn = {z~, z^). Consider the case gn C IR+ (the proof for the cases 
gn C M_ is similar). Defining z^ = , r = and using {zq + x)^^ + (2:0 - x)'^^ ^ 2zl^ 

for all p ^ we have 
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t'Pv{t)dt^ / ^ ^ - / v/;:^3^((zO+a;)2p+(zO_a;)2p)rf3,^^(^0)2p 



7o Jo TT TT /n 2 

If p = 0, then we get Qo = ^ /m'^('^)'^'^ ^ I S Ifi'nP; which yields the first estimate in ()1.33p . 
If p = 1, then using In = K ~ K ^ 0; = i^n^ S^t 



n>0 



which yields the last inequality in p.33|) . 

Recall estimates from [KIO]. The conformal mapping w : C+ — *• W{h) for the case 
w{z) = z + o{l) as \z\ 00 and h{u) = 0,m 7^ f^Z and {h{jj:n)}^^ G if was studied in [K7]. 
For some absolut constant Cq the following estimate was obtained: Q2 ^ CoG'^{l + G^), 
which together with Q2 = ^^^^ gives the estimate ()1.34|) . ■ 



6 Appendix 

Lemma 6.1. Let function F{s,t), R(t, s,u),t, s,u E (0,1) satisfy : 
z) F(-, ■) G L2((0, 1)2) and F{t, t) G ^^(0, 1), 

11) R{-,-,-)e L2((0, If) and R{t, t, s), R{t, s, t), R{s, t, t) G ^^((0, 1)^) . Then 



[ dt [ cosz{l -2t + 2s) F{t,s)ds =^-^^^( [ F{t,t)dt + o{l)) (6.1) 
Jo Jo 22; \Jq / 
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^1 rt ^^g2,) 



f dt f e-'^''-'-'^F{t,s)ds 
Jo Jo 



r{z)= / dt e-'''^'-''F{t,s)ds = (6.2) 



dt [ ds [ smz{l-2C)R{t,s,u)du = o{ey), (6.3) 
'0 Jo Jo 

as r\x\ < y oo for any fixed r > 0, where ( is one of functions: s — u,t — u or t — s. 
Proof. We have f{z) = e^^f^{z) + e'^^f~(z), where 

f-{z) = - r dt f e'^'^'-'^F(t,s)ds = - f ds [\'^'\'-'\F{t,s)ds (6.4) 
"2 Jo Jo 4 Jo Jo 

where F(t, s) = F{s,t),t, s G (0, 1). Substituting the identities 
i L '"'A = i^'""' P ^ «. - ^ Fir, k)^lJI e-'-'Fit, 



[0,1]= 



into ()6.4j) we obtain 



Consider /+. Let \\Ff = dt \F{t,s)\^ds We have 

|/+(.)P ^ g{z)\\Fr, g{z) = I dt I e^^(*-^)rf. ^ '—dt <: (6.5) 



Let Fq be a smooth function such that ||F — Fo|| ^ s for some small e > 0. Define the 
function f^iz) = Jq dt e~*^^*^*~*)Fo(t, s)(is. Using ()6.5p we obtain 

ir Wl ^ 1/0^^)1 + ir(^) - /o+WI ^ l/o+WI + lli^ - FoW^^ (6.6) 

and the integration by parts yields f^iz) = O(^). Thus we obtain ()6.2p . 
The proof for ()6.3|) is similar. ■ 

Lemma 6.2. The function f{z) = log |^(z)|, 2; G C \ [—1, 1] is subharmonic and continuous 
in C. Moreover, for some absolute constant C the following estimate is fulfilled: 

\f{z)- f{zo)\^Ce"^, if |2;-zo| <^max{2,|zo|}, ^ £ ^ ^, z.z^eC. (6.7) 

o 

Proof. The function f{z) = log |^(-2)|0 >,z E C\[— 1, 1] is harmonic and f{z) = 0, z E [—1, 1]. 
Then / is subharmonic in C. 

1. Let l^ol ^ 2. Consider the case |2;o — 1| ^ 1/2. The proof of other cases is similar. 
Firstly, let z,zq G C+. Then 

f{z) - f{zo) = Re /' , =Re r ' -^J^=, , ^ + H{s), 
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where H{-) is analytic and bounded in the disk -6(0, 1). Then 



f{z)-f{zo) = Re2^ 



2-1 



+ 0(6) 

20-1 





, ,2 1 




> s - - 


For 


' ' 4 



which yields ()(j.7|l . 

Consider the case z G C_,2o ^ C+. The identity = f{z) gives — f{zo) = 
f{z) — f{zQ),z, Zo G C_. Then the simple estimate |^ — -ZqI ^ k — -^ol and the case z, zq G C+ 
imply ()6.7p . 

Let \zq\ > 2. Let Oq = Zo/kol, « = 2;/|zo|- Note that \a — ao| ^ e. 
f{z)- f{z,)=Re r -^ = Re r F{s)ds, F{s) ={s^ - s = t/\z,\. 

We obtain , ^ ^ ^ 

for|s-aoK£. 

Thus the function F{s) = (^s^ ~ ji^) analytic and bounded in s, |ao — s| ^ £. Thus we 
deduce that \f{z) — f{zo)\ ^ eC for some absolute constant C. ■ 
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